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Introduction

THE dynamic response of rigid-plastic circular cylindrical
shell was first Investigated by Hodge.1 Amandsov2 con-

tinued the work by including a resistant force proportional to
the first power of the velocity. Venkatraman and Patel3

later solved the problem for an orthotropic shell. However,
all these analyses used simplifying assumptions; the first two
investigators incorporated the square yield condition whereas
Venkatraman and Patel used a hexagon yield condition for an
orthotropic shell, but neglected the effect of the time-depen-
dent interface coordinate between the two plastic regimes.
The purpose of this Note is to study the effect of these sim-
plifying assumptions upon the maximum deflection of the
shell.

The problem considered herein is the dynamic response of a
short rigid-plastic circular cylindrical shell subjected to an
exponentially decaying pressure which is uniform along the
length. The shell is initially at rest, clamped at both ends,
and the material is assumed to behave according to an in-
scribed hexagonal curve to the exact tresca yield condition
(Fig. 1). The effect of a resistant force, which is proportional
to the first power of the velocity, is included.
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Analysis
Consider a circular cylindrical shell of length 2L, radius a,

and thickness 2h. The axial component of the length x origi-
nates at a clamped end. The shell is loaded by a uniform
pressure p. The resistant force is assumed to be propor-
tional to the first power of the velocity, where the propor-
tionality constant is the product of the velocity of sound in
the medium and the density of the medium.2 An inward
radial displacement is assumed positive.

For simplicity, the following nondimensional quantities are
introduced

a2 = L*/ah;mx = M x/ a0h2 ; n^

p = pa/2a0h; T = t/U; y = t0/s-, y = x/L (1)

The quantities Mx and N$ are the axial bending moment and
the circumferential force per unit length, while oo, and IQ re-
present a convenient reference stress and time, respectively,
and s is the mass per unit area of the shell. The governing-
equation for the shell can be written as

rax"/2o:2 + Pe~T - yw (2)

where the primes and dots indicate differentiation with respect
to y and T, respectively.

The short shell is assumed to behave similarly to a clamped
beam under a uniform load. The appropriate stress profile
from the solid line in Fig. 1 is from point E to F and from F
to A. Point E corresponds to y = 0 and point A corresponds
to y = 1. Point F represents some intermediate coordinate
y = T] (interface or inflection point) which will be determined.
Due to symmetry, only one half the shell length need be con-
sidered. The boundary conditions for the short shell are

w(r,0) - -l;m(r,?r) =

m'(r,7T) = m'foij

ft) = w(rft) = 0; W(T,T]-)

,I?+) = 0; m(r,l) -

jro'CT,!) = 0

W'(T^+) 0)

Wmox.
Fig. 2 Progress of
maximum displace-

ment.
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Solving for the velocity from the flow law yields: for 0 <
y < 17

w =' WQ sinhay (4a)

for 77 < y < 1

w = wQ[smhay vosa(y — 77) + coshc«/ sma(y — 77)] (4b)

where w0 is some function of T. Substituting Eqs. (4) into
Eq. (2) and solving subject to the boundary condition yields:
for 0 < y < 77

m. = 2(1 -

sinhar?
+ a(w0 + X

T? coshar? si ... .y coshay - ——^^—— \ (5a)

for 77 < y < 1

mx = 2(1 - Pe~T] \l - -

-^) , ...

sinha77 J

- y) + sina(7/ - 77) 1
sino:(l — 77)

sino:(l — 77)

y

sma(y — 77) —

77 coshaT? sina(l - y)
cosa(y — 77) + ———:——73———7——— +

coshaT? sma(y — 77)"!
^fT~] (5b)

Applying shear continuity at y = 77 and the condition of zero
shear at y = 1 to Eqs. (5) and solving the resultant equations
simultaneously yields

2(1 - Pe-T)[<M>4 ~ 01*6] + 0305 - 0206 = 0

^o + 7wQ = [03 - 2(1 - Pe-)0i]/02 (6b)

where

0i = — l)/sinha77 + [1 — coso:(l — 77)]/sina(l — 77)
(7a)

02 = 2 coshaij - . + a(l - ^ X

(7b)

03 = l/sino;(l — 77) — l/sinhaij (7c)

04 = [1 - cosa(l - 77)]/sina(l - 77) (7d)

05 = sinho!77 sina(l — 77) — coshaTj cosa(l — 77) -f-

, . coshoiTj

06 = — cota(l — 77)

(7e)

(7f>

Eq. (6b) can be solved numerically for a given a and P by
starting at the instant of load (r = 0) and incrementing r
until the shell comes to rest. For each increment of T, how-
ever, the root of Eq. (6a) must first be obtained to find the
numerical value of the nonhomogeneous part of Eq. (6b).
The displacements can then be obtained for any value of T by
numerically integrating Eq. (6b).

Numerical Example and Comparison

For purposes of discussion and comparison, consider a shell
whose a — 1. Figure 2 shows the maximum displacements
at (y = 1) for different loads and resistant forces. The influ-
ence of the resistant force increases as the pressure increases.
For pressures slightly larger than the static collapse pressure,
the resistant force can be neglected. For example, the de-
crease in the final displacement at the center of the shell is
less than 1% due to the maximum resistant force and a
load 10% above the static collapse pressure. For a pressure
twice the static collapse load, however, a 46% difference exists
between the final maximum displacements for a maximum
resistant force and no resistant force.

Figure 3 shows a comparison of solutions obtained by the
authors (hexagonal yield condition) and Hodge1 and Amand-
sov2 (square yield condition). This comparison shows a dif-
ference ranging between 50 and 55%, depending on the re-
sistant force. It should be noted that the square yield con-
dition underestimates the displacements compared to the
hexagonal yield curve. In fact, the use of the hexagonal
yield curve slightly overestimates the actual displacements
and can therefore be considered as conservative.

A further comparison can be made between the authors7

work (moving inflection point) and the method advanced by
Venkatraman and Patel3 (stationary inflection point). They
reasoned that the inflection point moved less than 2% for a
load 10% above the static collapse pressure, and could there-
fore be considered as stationary. However, the authors
found that the percentage difference in the final displacements
between the two methods were not sensitive to the magnitude
of the load as suggested or to the resistant force. Rather, the
errors introduced by assuming a static inflection point are
quite sensitive to the shell parameter a. For example, errors
of approximately 13, 16.5, and 22.5% are experienced for
shell parameters of 0.5, 1.0, and 1.5, respectively, using any
multiple of static collapse load and comparable resistant
forces.
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